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Abstract 

We demonstrate how gauge singlets can be used to find new examples of Kutasov duality (i.e. 
where the matching of the dual theories relies on a non-zero superpotential) in N = 1 SU(A*') 
SQCD with Fq flavours of quark and multiple generations of adjoints, or antisymmetries, 
or symmetries. The role of the singlets is to simplify greatly the truncation of the chiral 
ring whilst maintaining an J?-symmetry, and at the same time allowing an unambiguous 
identification of the elementary mesons of the magnetic theory. The dual theories satisfy all 
the usual tests, including the highly non-trivial 't Hooft anomaly matching conditions. 



1 Introduction and background 



An interesting possibility in the context of electric-magnetic duality [1^ is that the supersymmetric 
Standard Model is the magnetic dual of some unknown electric theory |5J [31 H] . This would have 
a bearing on many important questions. For example it would accommodate Landau poles in 
models of direct gauge mediation of supersymmetry (SUSY) breaking. The dynamical scales 
could also explain hierarchies in the SUSY breaking sector and even in the Yukawa couplings. 
More recently [4] it was argued that this possibility may, rather counterintuitively, be compatible 
with unification. That argument was based on known examples of Kutasov duality, i.e. duality 
that relies on a non-zero superpotential [5] . The vacuum structure of these models was analysed 
in the simplest SQCD plus a single adjoint case by Kutasov, Schwimmer and Seiberg (KSS); it 
can be that of a broken GUT theory with electric and magnetic dual descriptions [H) |7] . Further 
related studies of these theories were made in Refs. [SI |9l [TOj E] . 

The observation made in Ref . |1] was that (as shown in Figure unification in such theories 
is preserved in the mapping from electric to magnetic descriptions, with the gauge couplings of 
the magnetic theory appearing to unify at the same energy scale but at unphysical (imaginary) 
values of the gauge couplings. This unphysical gauge unification also happens in a supersymmetric 
Standard Model with a large number of messengers in complete SU(5) representations, and so in 
Ref. [4j it was suggested that the latter would be a strong hint of a magnetic dual GUT theory. 
Furthermore it was argued that this would explain why the supersymmetric Standard Model 
appears to unify, but the proton does not decay. The proton decay operator (being generated 
at the GUT scale) is a baryon operator that is generated in the electric theory. However the 
decay takes place at low energies and is therefore computed in the magnetic description with the 
relevant operator being mapped to the corresponding magnetic baryon: consequently the decay 
rate is suppressed by the many powers of K/Mqut associated with the mapping of electric to 
magnetic baryons. 

Unfortunately the arguments of Ref. [4 are limited by the fact that no convincing electric dual 
description of the supersymmetric Standard Model or indeed the Georgi-Glashow SU(5) model is 
known. In particular, in for example an SU(5) framework, one would like to be able to build chiral 
models, models with three generations, with adjoint GUT Higgs fields and antisymmetries and so 
on. Although some of these ingredients (for example chiral models) are present in the models in 
the literature (related examples with SU(7V) gauge groups can be found in Refs.[71 [T^IT31[Tl] ). the 
particle content is very constrained and is far from that of the Georgi-Glashow model. Motivated 
by this fact, we will in this paper demonstrate how one can extend the Kutasov class of electric- 
magnetic dual theories using gauge and flavour singlets. 

In very general terms our approach can be described as follows. First recall the three basic 
tests of electric-magnetic duality [T5J: the two dual theories should 

• have the same moduli space of vacua, and in particular a one-to-one map between the degrees 
of freedom represented by meson and baryon operators, 

• they should share the same global symmetries and have the same global anomalies (i.e. the 
't Hooft anomaly matching conditions), 

• their moduli spaces should still match under all deformations of the theories by chiral oper- 
ators. 

The KSS-like theories can be shown to pass all these tests, thanks to the IR dynamics being 
simplified by the addition to the superpotential of various operators. In its original formulation, 
the KSS theory consisted of SQCD plus a single adjoint, X, and the superpotential operator 

VFdX'=+i (1.1) 

for some integer k. This term alters the infra-red dynamics (it is a dangerously irrelevant operator, 
as one says) for appropriate choices of SU(A^) and Fq flavours, and truncates the chiral ring, 
allowing one to match the degrees of freedom in the moduli space relatively easily. Further 
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examples of this kind of duality were discovered in Refs.[T3j [14] involving more adjoint fields, 
and/or symmetric and antisymmetric representations. An obstacle restricts the whole class of 
models however: as more fields are added, the chiral ring becomes more difficult to truncate and 
additional operators have to be added to the superpotential to do this; on the other hand each 
new operator projects out some global symmetry and weakens the 't Hooft anomaly matching 
test. In particular once the i?-symmetry is explicitly broken the 't Hooft anomaly matching test 
becomes virtually meaningless, so this symmetry at least one needs to preserve. Our approach 
in order to overcome this problem is to use an additional singlet to enable us to add the extra 
operators needed to truncate the chiral ring while preserving a meaningful i?,-symmetry. The role 
of this singlet is to break the i?-symmetry spontaneously by acquiring a VEV, thereby generating 
the i?-symmetry breaking couplings necessary to truncate the chiral ring. 

At first sight one might suppose that there is little to be gained from doing this. Indeed the 
i?-charged couplings (and hence the singlet) will generally appear in the elementary mesons that 
are a feature of the spectrum of the magnetic dual theory, so it might seem that the -R-charges 
in the magnetic theory are going to be arbitrary, and the correct anomaly matching condition 
impossible to identify. This is not so however: the matching of the composite mesons of the 
electric description to the elementary mesons of the magnetic one entails an assignment of singlet 
contribution that is unambiguous. Moreover a nontrivial test is that the equivalent assignment in 
the baryons makes their global charges match automatically. With the i?-charges of the elementary 
mesons of the magnetic dual theory duly fixed, anomaly matching can then proceed as normal, 
and it provides the usual powerful test of the duality. 

In the following section we begin by showing how this can be done in the original KSS (SQCD 
plus single-adjoint) model of Refs.fS^I^. An important feature of this model is as we have stated 
the possibility of adding deformations that would break the GUT symmetry. Although these 
operators are not crucial for truncating the chiral ring (being relevant deformations rather than 
drastically changing the IR behaviour as the original operator did), it is still interesting to 

see how they can be made compatible with a preserved _R-symmetry by the addition of a gauge 
singlet. The procedure required to identify the elementary mesons of the magnetic description in 
this simple case will serve as a useful guide for later models. We find that anomaly matching in 
the deformed theory works in two cases; the first corresponds to the original deformed KSS model 
with the singlet VEV merely parameterizing the size of the deformation. The second model is 
different from the original model, and as we shall see is (unlike the first) not associated with the 
fiow to a fixed point. 

In sections 3, 5 and 6 we consider models with two or more adjoints and models with extra 
antisymmetric and symmetric representations respectively. In each case we can add to the super- 
potential enough operators to truncate the chiral ring while still maintaining an i?-symmetry and 
therefore highly non-trivial 't Hooft anomaly matching conditions. 

Section 4 deals in more detail with the RG flow. Concentrating on the adjoint models, 
we construct a complete picture of the flow in models with one adjoint plus a singlet using a- 
maximization [Tni[T7]. The additional singlet alters the RG flow, and gives various fixed points; 
the flow is to the KSS model with the singlet appearing in a deformation term, however the the- 
ory can flow between flxed points corresponding to different deformations. We use this picture 
to deduce the RG flow behaviour for the more general models with additional adjoints. For the 
models with an odd number of adjoint fields, we argue that the endpoint of the flow is also the 
deformed KSS model. Models with an even number of adjoints flow to normal SQCD. In both 
cases the duality at the endpoints of the flow is well understood. 

We close the Introduction by making a parenthetical remark about the phenomenology. Recall 
that our ultimate goal is to be able to describe the supersymmetric Standard Model (or a Georgi- 
Glashow like GUT theory) as a magnetic dual. These theories generally do not allow anomaly-free 
global i?-symmetries because of the complexity of their Yukawa couplings and Higgs mass terms. 
It is therefore likely that any i?-symmetry would have to be spontaneously broken anyway in order 
to have reasonable phenomenology, and using gauge singlets to do this would be the simplest way. 
We consider this to be an additional motivation for the study in this paper. 
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Figure 1.1: The dual-unification scenario of Ref.^: the supersymmetric Standard Model appears to 
run to unphysical gauge unification when there are many messengers in complete SU{5) multiplets. 
This is mapped to a real unification occurring in an electric dual description that is valid above 
the Landau pole scale. 



2 i?-symmetry in the deformed KSS model 

Let us first revisit the model of KSS in order to see how singlets can be introduced. As we have 
said, one of the appealing features of those models was the ability to match the electric and 
magnetic theories under deformations of the electric superpotentials 

k-i 

W^ei = V , ^ ; . Tr [X^+i-'] + A Tr [X] (2.1) 

where X is an adjoint field of the SU(A^) gauge group and we have chosen our basis for X such 
that there is no X'' term as explained in Ref.[7]. The undeformed theory has only the term. The 
ti>o deformations spontaneously break the gauge symmetry and lead to a rich vacuum structure; 
it is then possible to show that there exists a similar deformation in the magnetic theory that 
produces the same vacuum. There is an aspect of this procedure that we will address in this 



section as a warm-up exercise which is this. By adding the extra terms in Eq.(2.1l, one breaks 
the i?-symmetries of the model. In principle therefore the 't Hooft anomaly matching conditions 
apply only to the undeformed theory. However it is often useful to think of couplings such as ti>o 
as background i?-charged fields that acquire VEVs. Thus a way to match the anomalies directly 
in the deformed theory would be to consider these fields as singlets in the spectrum and to do 
the anomaly matching on the complete theory. The singlet VEVs can then be fixed at the end to 



generate the required i?-breaking terms in Eq.(2.1 1 spontaneously. This is what we will investigate 
here. 

We commence by summarizing the models of KSS [BJ E] in more detail. They are based on an 
SU(A^) gauge group with Fq flavours of quarks and anti-quarks, and an adjoint field of the SU(A^) 
denoted by X. The symmetry content is 

SV{Fq)l X SU(FQ)fl X U(l)s X U(l)ij, x U(l)ii, . (2.2) 

When there is only the tg term in the superpotential, the global symmetry is partially broken but 



retains a symmetry. The matter content is then summarised by Table 2.1 When there are 



also non-zero ti couplings, the U(l)fl-symmetry is completely broken. The i^-term equation for 
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Table 2.1: T/ie matter content of the electric theory in the KSS model. 



the adjoint in this case can easily be solved by diagonalizing the X using SU(A^) rotations; the 
equation for a single entry x on the diagonal is 

fe-i 

W = {) = ^t,x^-' + \. (2.3) 
This is a A:'th order polynomial so there are k roots: hence 

k 

where ^p^^iV. (2.4) 

i=l 

The gauge symmetry is broken as 

SU(7V) SU(pi) X SU(p2) . . . SU(pfc) X \J{lf~\ (2.5) 

Note that the parameter A is used as a Lagrange multiplier to fix Tr [X] — 0. 

To get the corresponding magnetic theory we need to identify a set of elementary meson fields 
associated with composite operators of the electric model. A crucial aspect of the superpotential 
is that it truncates the chiral ring; that is the equation of motion for X (in for example the unde- 
formed theory) sets X^ = (ignoring the Lagrange multiplier term) along the _F-flat directions. 
This means that when matching the moduli spaces, one need only consider operators up to X^~^ 
(in the deformed theory X^ is mapped to a polynomial in X of order less than k). Thus there are 
k types of meson operator that we denote rrij ; 

nij = QX^Q, j = 0, . . . , fc - 1. (2.6) 

The j = object is the meson of usual Seiberg duality. Indeed, the fc = 1 model is just the 
original Seiberg SQCD model if one integrates out the adjoint field. The field content of the 
magnetic theory is q, q, rrij and x, where x is an adjoint in the magnetic gauge group, and where 
the elementary magnetic mesons are directly and unambiguously identified with the composite 
operator mj. Assuming for the moment that there is only the to term in the electric theory then, 
as in Refs.,6ii7j, the baryon matching implies that the gauge group of the full (unbroken) magnetic 
theory is 

SU(n) = SU(fcFQ - N) . (2.7) 

The matter content is summarised in Table |2.2| The superpotential in the deformed magnetic 
theory is of the form 

W^ma, = - E — ^ Tr + ^j:t, ' m,qx'^~'-^~^q. (2.8) 

i=0 ^ 1=0 j=0 

This form of superpotential was deduced in Ref. [7] by equating the vacuum structures of the 
electric and magnetic theories. The broken model in the magnetic theory is 

SU(n) ^ SU(Fq -pi) X SV{Fq~P2) . ..SV{FQ-pk) x (2.9) 
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Table 2.2: T/ie matter content of the magnetic theory in the KSS model; n = kFq — N . 



Note that the matching of the sub-theories SU(pi) ^ SU(i^Q — pi) is generically the standard 
SQCD duahty. 

Let us now turn to the anomaly matching of the deformed theories and, as we have proposed, 
introduce a singlet field (f> whose role is to generate the ti couplings by acquiring a VEV: we 
therefore write ti — > 0''* for some exponents pi. The coefficients in the magnetic superpotential 
are directly related to those in the electric one which, in turn, directly relates the singlet structure 
in the magnetic theory to that in the electric one. As a simple example consider the electric 
superpotential 



fc + l 



Tr 



fc+l - / 



(2.10) 



We will henceforth omit the Lagrange multiplier term, and also assume fc > 2 and I > 1. We may 



read off the magnetic superpotential from Eq.(2.8l 

^fe+i 



mag 



,.k+l-l 




(2.11) 



Note that all the couplings of the magnetic theory, in particular the powers of (/>, are already 
determined by the vacuum structure. However the parameter /x^ is an unknown free parameter 
that itself carries i?— charge. For example, it determines the matching conditions for the dynamical 
scales of the electric and magnetic theories (A and A respectively) which are [6] 



^2Af-FQ^2«- 



2Fq 



(2.12) 



The i?-symmetry is anomaly free (with respect to the mixed gauge- i? anomalies) so the dynamical 
scales do not carry i?-charge or depend on 0. To be consistent the i?-charge of p, has to be 
PoR^ and moreover p. must scale as p ^ cj)''". Both electric and magnetic theories now have an 
i?-symmetry that is spontaneously broken by the VEV of cj). 

Indeed let us now lay out the charges of the fields explicitly. By virtue of the electric su- 
perpotential and the absence of mixed x SU(A^)^ anomalies, the matter content of the 



electric theory is given by Table 2.3 Since we know the charges of the mesons from Eq.(2.6l 



we can independently derive the magnetic superpotential by writing down terms consistent with 
the i?-symmetry. This turns out to yield precisely W^ag as required, so that the superpotential 
deduced from the vacuum structure is consistent with that deduced from the i?-symmetries. At 
the classical level Wmag allows arbitrary values of po and pi. However we will now see that the 't 
Hooft anomaly matching conditions constrain them. 

To do the anomaly matching we first need to identify correctly the elementary fields of the 
magnetic theory, and in particular deal with some arbitrariness about the definition of the ele- 
mentary mesons. Specifically, the mesons' role is to mirror (and project out via their equations of 
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Table 2.3: The matter content of the electric theory in the deformed KSS model. Bq is arbitrary 
(conventionally it is taken to be the baryon number, i.e. Bq = l/N). 



motion) the corresponding directions in the moduli space of the magnetic theory. For example, 
consider the leading meson term of the magnetic superpotential. Remembering that ^ this 
can be written as 



k-l k-l 

/,-po 



^ m.qx'^-^-^q ^ E (Q^'Q) {<1^'''''<i) (2-13) 

J=0 j=0 

where we have exhibited the composite objects of the electric theory that are the erstwhile elemen- 
tary mesons. The equations of motion of rrij therefore project out the corresponding directions in 
the magnetic moduli space. The arbitrariness lies in the singlet content of what we call the ele- 
mentary meson of the magnetic theory. Because the singlets carry i?-charge, unless we determine 
this correctly, anomaly matching is impossible. 

We therefore propose the following principle: the singlets are to be distributed among the 
elementary and composite magnetic mesons in the same way. That is, rewriting the leading 
interaction as 

fc-i fe-i 

E m^qx^'-'-^q EE ^ (q(0"X)^q) , (2.14) 

j=0 j=0 

where 

allows us to identify the elementary mesons Mj of the magnetic theory as 

M, = Q(0"X)-'Q. (2.16) 

As we have said, identifying this singlet contribution to the meson for non-zero po is an important 
step since it fixes the i?— charges of the elementary mesons and hence the anomaly matching. 

An independent check of this identification of the magnetic mesons is that the same identifica- 
tion is appropriate for the mapping between electric and magnetic baryons. In detail, the baryons 
of the electric theory in the deformed KSS model are given by 

fc-l k-l 

B{r^} - n^^^'S)''' = Q^^^^'=''^''' where ^ r j = TV (2.17) 

j=0 j=0 

(for concision we have omitted colour indices, which are contracted with a rank A'' epsilon tensor) . 
The magnetic baryons to which these are mapped were found (by mass flow and by equating the 
global charges including i?-charge) in Refs.[BJ|7] to be 

, kFo/2 

' 3=0 
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Using X]j=o j i-^Q ~ ^j) = '^j=o 3'''] ^ ^ 1) ^Qi ^^^d that the i?-charges of the baryons are 
equal if 

NRq - nRq + {k-\)(^N^ Rx + Po [n - ^) R^ = (2.19) 

which is satisfied for any po (the specific i?-symmetry of the undeformed models [SJ|7] is, of course, 
equivalent to taking po = 0). Using Eq.(2.15l one finds that this is equivalent to 

NRq - nR^ + {aR^ + Rx) [k -1)(n- ^\ = 0. (2.20) 



In other words, the prefactor 



(/i2)-"/2 

which is required to match the i?-charges of the electric and magnetic baryons, is equivalent to 
associating with each X precisely the same factor 0" as we did did for the mesons 



fc-i 



3=0 

hr,} - n [{4>''^yq\ = (r x)^-° . (2.22) 

3=0 

All that remains is to determine the U(1)b charges of the magnetic quarks. They can be fixed by 
demanding that the U(l)s charges of the electric and magnetic baryons match up: 

Bq = —Bq = (2.23) 

We may now proceed to anomaly matching. The mixed anomalies are found to be 

U(1)b X SU(FQ)i : NBq 
U(l)s X SU(Fq)2j : -NBq 

\]{1)rxS\]{Fq)1 : 



2N^ {pi ~ po) 



U(l)« X SU(Fq)^ 



Fq [pi (1 + fc) - po (1 + fc - 0] 
2N^ {pi - Po) 



■ Fq [pi (1 + fc) - po (1 + - 0] 

U(l)sxU(l)|^ : 

AN^B^Q {pi - po) 



U(l)fl X U(l) 



B 



P,(l + fc)-po(l + fc-0 



U(1)b : 

(2jV2 + fc + 3)(po-pO~/(po-2) 
""^'^^ ■ [pdl + k)-p,{l + k-l)] ' ('-'^^ 

in both theories. The last two correspond to mixed U(l)-gravity anomalies - there is a contribution 
from the diagrams with gravitinos in the loop that is obviously universal and has been ommitted. 
Three of the cubic anomalies also match 



SU(FQ)i 
SU(Fq)| 
U(l)=^ 



B 



N 

-N 

0. (2.25) 



Up to this point the matching occurs for arbitrary po and p;. However, the final U(l)|j anomaly 
only matches for the three combinations of po and pi that are presented in Table |2.4[ There is 
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Table 2.4: Choices of the exponents po and pi that realize anomaly matching in the deformed KSS 
model with singlet. 



also the special case n = N which satisfies the anomaly matching for any po ^^'^ Pi- Note that, 
because of its complexity, the existence of simple solutions to the matching of the U(l)|j anomalies 
is certainly not a foregone conclusion. 

In the first case the i?-symmetry is clearly that of the original KSS model with the singlet 
acting to preserve it under the addition of a deformation, but it is interesting that there are two 
other consistent choices. The second case 



Pi 



k-l-l 



Po 



is equivalent to 



Rx = 1 and Rd, = 



1-fc 
Po 



(2.26) 



(2.27) 



The last case has pi = po, ergo Rx = 0. It is therefore less interesting, since the singlet has simply 
introduced an i?-symmetry of its own under which none of the matter superfields axe charged, and 
will be discarded. 

The simplest choice of exponents in the po ^ model (where pi = po — Ipo/ {k — 1)) is the 
superpotential 



W, 



PoJ^O 



ife-1 



Tr 
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(2.28) 



with Rx = 1 and R^ = — 1. Note that as far as the anomalies arc concerned, we axe at liberty to 
choose I = k + 1 which generates a constant in the superpotential 



Wpoj^O = 



ife-i 



Tr 



1-1 



k + 1 



(2.29) 



when <p gets a VEV. Such a term could conceivably be generated dynamically. In the po = 
model the ii-symmetry is precisely that of the KSS model. In this case pi is unconstrained and 
the superpotential is 



W^o=o = 1^ 



k + 1 



+ (bP'Tr 



i-i 



k+l-l 



(2.30) 



p,(|^jrL)- Clearly both cases allow for generally deformed superpotentials with more 



with R^ 

than two terms; i.e. the general i?-symmetric superpotentials (with these particular i?-charges) 
can be written 



Wpo^O 



kk-l 



Tr 



Xk+i 



= Tr 



Xk+ 



k + 



-f (<^'"/'x-i) 



(2.31) 



where / is an arbitrary polynomial of order < fc + 1. 
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There are various limits that one can consider. In the po = theory for example, one can 
continuously take the 0—^0 limit. This simply corresponds to turning off the deformation of the 
KSS model. The magnetic superpotential is 



W^mag = Tr 



k + 1 



API xr 



„fc+l-/ -l 



k + l-l 



^ j=0 ^ J=0 

(2.32) 

and goes continuously to the undeformed model as required. In the oppositie ^ ^ oo limit, we may 
define a rescaled X = and similarly rescaled magnetic adoints, so that the electric 

superpotential becomes 



Wp„=o = 0-'"('=+i)/(^-+i"')Tr 



k + l 



Tr 



k + l-l 



(2.33) 



and the magnetic superpotential is 



^-Pl(k+1)/ (k+l-l) rj,^ 

^-p,(fc+i)/(fe+i-0 



■ ^k+l ■ 
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k+l-l_ 



ri — n ^ o — n 
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where 



Mj = QX^Q and /i 



- rhPi/ik+l-l) 



p. 



(2.34) 



(2.35) 



Thus in the large cj) limit, keeping p constant, we have KSS duality with k ^ k — I. In terms of 
the original scales this corresponds to dialing down the Landau poles with respect to p. Taking, 
for example, A ~ A, the matching relation tells us that 



A = 



in 



,-pl/{k+l-l) 



(2.36) 



in this case. We shall later consider the RG flow in the theory. 



3 Models with more adjoints 

Now that we have demonstrated the use of singlets in electric/magnetic duality, we can go on to 
apply this technique to models for which the dualities are not currently known. All of the models 
presented below have electric theories based on SQCD, with gauge group SU(A^) and chiral quark 
flavour symmetry SU(Fq). We will try always to denote flelds and parameters in upper case for 
the electric theory and in lower case for the magnetic theory. In each case the magnetic gauge 
group is SU(ri) for some value of n which must be determined. 



3.1 Two adjoints 



The first model we consider extends SQCD with two SU(iV) adjoints X and Y , and an SU(A^) 
singlet (j>. Electric/magnetic duality with two adjoints was first discussed by Brodie and Strassler 
in Refs. |121 113] , however the form of their model is much more restricted than that which we axe 
about to present. As our electric superpotential we take 



Tr 



Tr 



ky - 



- Tr [XY] 



for some px and py, which allows a non- anomalous, global symmetry group 

SU(Fq)l X SU(FQ)fl X U(l)s X U(l)fl 



(3.1) 



(3.2) 
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where U(l)i^ is a unique i?-symmetry. To be exhaustive, we will consider both positive and 
negative values of px and py (with negative values possibly being generated dynamically). 
The i^-terms for the adjoints give 



Y 
X 



(3.3) 



These equations truncate the chiral ring for all non-zero values of (p. To see this, one uses the first 
equation to set Y — ~(j)P^ X^^ then substitutes into the second equation to find 



-X. 



(3.4) 



Hence truncation occurs at X 



kxk^ 



or, equivalently, Y 



kx k\ 



Eq.(3.4) resembles the usual truncation equation in KSS duality (see f|2|. It is natural to 
suppose therefore that the duality proceeds in the same way, but with the effective value of k 



k* — kxky- 

This implies the meson structure 

m, - QX'Q, j = 0, . . 
and consequently a dual gauge group SU(n) with 

n = k*FQ-N. 



.,k*-l 



(3.5) 



(3.6) 



(3.7) 



Note that here it is convenient to use one of the adjoints X to be 'active'; thus niakx+b ~ 
Qj^afcx+bQ _ QY'^X^Q, where a < /cy and 6 < fcx- 

Let us now investigate the theory a little more closely. The non-anomalous global symmetries 
and the matter content of the electric theory are displayed in Table |3.1[ If one assumes the dual 



SU(iV) SU(FQ)i SU(FQ)fl U(1)b 



U(l)i 



Q 



N 



'Q 



j_ 

N 



1 



N 
Fq 



X 



N 
adj 



1 



N 



1 



N 

Fq 

2{pxkY+PY) 

Px{l + kY)+PY{l+kx) 



Y 



adj 



2(pyfcx+Px) 
Px(l-l-fci')-l-py(l-l-fcx) 



2{l-k') 

Px{l+kY)+PY(l+kx) 



Table 3.1: The matter content of the electric theory in the two adjoint model. 



gauge group Eq.(3.7l, the equivalent information for the magnetic theory is as given in Table 3.2 



with the full properties of the elementary magnetic mesons yet to be determined. The magnetic 
U(1)b charges are again fixed by the baryon map which we will discuss shortly. Following KSS 
duality. Table |3.2| also assumes that the magnetic superpotential takes the form 



W^mag = Tr 



X 



1 



6''^ Tr 



y 



1 



Tr [xy\ + meson terms. 



(3.: 



The gauge singlet (p does not interact with the gauge group so is oblivious to the duality and must 
retain the same charges throughout. 

Now let us turn to the elementary mesons of the magnetic theory. In f|2]we found that powers 
of (j) appeared in their definition, and the same occurs here. To calculate the appropriate powers 
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SU(n) 






U(1)b 


U(l)i^ 




n 




1 


1 

n 




q 


n 


1 


Fq 


_1 
n 


^ Fq 


X 


adj 


1 


1 





2{pxkY+PY) 

Px(l + fey)+py(l+fcx) 


V 


adj 


1 


1 





'2{pYkx+Px) 
Px(l + kY)+PY(l+kx) 




1 


1 


1 





2(l-fe*) 
Px(l + kY)+PY(l+kx) 



Table 3.2: The matter content of the magnetic theory in the two adjoint model, sans elementary 
mesons, n = k* Fq — N . 



of (j) we once again write Mj ~ Q {(p^Xy Q for j ~ 0, . . . , k* ~ 1 and some a to be determined, 
and then consider the meson terms in the magnetic superpotential. These are 



k'-l 



\k'-l-j 



J=0 



(3.9) 



where the power of x is again shorthand for the corresponding power of x^'"^^ and y^- -^^^ Recall 
that no explicit n"^ parameter is required now since all the i?-charge is carried by the singlets. 
Note that the magnetic mesons still mirror the electric mesons, hence both use the same value of 
a. Demanding that all of the terms have i?-charge +2 leads to a unique solution for a 



a 



Px + pykx 



l-k* 

The final form for the electric mesons is therefore 

Mi = 



Ij = Q (^(piPX+PYkx)/{l-k-')j^'^ Q 



(3.10) 



(3.11) 



Equivalently, we could have used Y instead of X as the active adjoint to describe the mesons, in 
which case we would have found 

A/j = Q Q (3.12) 

As usual, these mesons are to be added into the magnetic theory as elementary fields. Their 



properties are summarised in Table 3.3 





SU(n) 


SV{Fq)l 


SV{FQ)n 


U(l)s 


U(l)fl 




1 


Fq 


Fq 








Table 3.3: The elementary mesons of the magnetic theory in the two adjoint model. 

We can now test the duality with 't Hooft anomaly matching. As before the U(l)^, U(1)b x 
U(l)|j. and U(1)b anomalies are all zero; henceforth we will take them as read. The non-zero 
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mixed anomalies are 



U(1)b X SU(^^Q)i 
U(1)b X SV{Fq)1 
U(l)fl X SU(^^Q)i 
U(l)fl X SV{Fq)1 
U(l)flxU(l)2j 

U(l)fl 



1 



-1 

'N^Fq 
-2 

-2 - TV^ + 



2(1 - k*) 
Px{l + kY)+PY{l + kx)' 



(3.13) 



They are the same in both the electric and magnetic theories. The cubic anomalies all match: the 
non-zero ones are 



SU(Fq)| 
U(l)| 



N 

-N 

+ - 2N^/F^ + 3R^ - ml 



Rj 



(3.14) 



with i?0 as given in Table 3.1 As the anomalies match for all values of px and py, any values 
giving well defined i?-charges are allowed, and there is no constraint coming from the U(l)|j 
anomaly. This is because the XY terms mean that Rx = 2 — Ry and consequently the X and 
Y fermions have equal and opposite i?-charge and don't contribute here. The quark _R-charges 
are independent of px and py for the same reason (i.e. their i?-charges are determined by the 
required absence of SU(n)^ x\J{l)u anomalies and this gets no contribution from X and Y either). 
The only field whose i?-charge depends on px and py is therefore the singlet which contributes 
the same in both electric and magnetic theories. Note that demanding a well defined i?-charge for 
the singlet eliminates the solution px = Py — 0- 

The point ^ = is singular. Assuming px and py are both positive and that therefore a 
is negative, then the F-term equations Eq.(3.3l have solution X — Y — Oatcf) = 0, and the 



chiral ring truncates trivially. The behaviour of the cj) — theory and no adjoint mass is not well 
understood, but it is obvious that here ultimately the electric theory flows to that corresponding 
to normal SQCD with no adjoints, since we can integrate out the adjoint fields X and Y below 
their (Dirac) mass. The assignment of mesons other than Mq also breaks down at this point. 
Correspondingly the = theory is ill-defined in the magnetic superpotential, which contains 



-i-i 



9, 



(3.15) 



and which therefore diverges. This is hardly surprising because we are using (j) to encode both 
the couplings in the superpotential and the dimensionful parameter that defines the elementary 
mesons in the magnetic description (i.e. the equivalent of the p? parameter of the KSS model). 

3.1.1 Baryon matching 



The form of the mesons Eq.(3.11 1 strongly suggests that the adjoints should also come with these 



powers of the singlets in the baryon map between electric and magnetic theories. Applying this 
observation we construct electric baryons 



J=0 



and magnetic baryons 



fc*-i 



Fq- 



(3.16) 



(3.17) 



3=0 
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with X]i=o^ ~ Eq.(3.10 1. Again we are for convenience using X to be the 'active' 



adjoint; thus the dressed quarks correspond as ~ Y'^X'^Q, where a < ky and b < kx- 

Our experience with KSS duahty then leads us to propose the baryon map B^j..j ^ ^{rj}- This 
map is totally consistent with all global symmetries; in particular the powers of the singlets are 
precisely those needed to match the _R-charges of the baryons. 

3.1.2 Generalising the mass term 



It may not always be desirable for the electric superpotential Eq.(3.1l to contain the mass term 
XY. We will therefore outline how this term can be generalised. In order to do this we shall 
consider the matching of the two theories in the absence of this term, and then deduce that many 
alternative terms would be consistent with the duality. These terms would not necessarily truncate 
the chiral ring in which case a simple classical matching of the moduli spaces would not be possible. 
Nevertheless the fact that all the other tests of the duality are still satisfied is compelling. 



In the absence of the XY term, Eq.(3.3 1 are modified and the chiral ring does not truncate in 



the same way. Furthermore, the i?-symmetry is relaxed to 

Rq = = - (Rx + Ry - , Rx ^ I 1 ' Ry ^ I 1 (3.18) 

^ tq kx + 1 Ky + 1 

for arbitrary i?^ in the electric theory and 

Rq^ Rq^'^- ^{Rx + Ry-'^) 1 Rx ^ , ^ Ry ^ ; 1 (3.19) 

Fq " kx + l " fcy + 1 
in the magnetic theory. These facts lead us to reconsider the meson structure of the theory. 



The new modification of Eq.(3.3) means that we are generally unable to define an 'active' 



adjoint as we did previously, so are forced to consider the more general meson 

Mab = Q(0"^X)"(0"^r)^Q (3.20) 

with a = 0, . . . , A:x — 1 and & = 0, . . . , /cy — 1. The parameters ax and ay are undetermined 
functions of i?^. The meson terms in the magnetic superpotential now look like 

fcx-l fey-l 

W^meson= E ^-^q {<l>''^ xf^ -'-'^ {^^ yf^ (3.21) 

a=0 6=0 

Demanding that these terms all have i?-charge 2 allows one to write ay — ay (axjR^,) as a 
function of ax and R^, but we are not able to remove the R^ dependence of the a's. We thus 
conclude that the meson terms in the magnetic superpotential are inconsistent with more than one 
i?-symmetry. Hence if we remove the XY term from the electric superpotential we are forced to 
replace it with a different third term that yields a single, non-anomalous i?-symmetry in order to 
maintain the duality. The precise value of R^ is completely arbitrary as long as it is non-zero. We 
thus have a very large amount of freedom in choosing the third term in the electric superpotential. 

Having fixed the i?-symmetry and the meson structure there is still one free parameter left in the 
theory; ax ■ The only anomalies that might be sensitive to ax are those involving the i?-symmetry. 
It turns out that the linear U(l)/{ and the mixed U(l)/j x SU(Jq)^ anomaly matching does not 
depend on ax- The cubic i?-symmetry anomaly matching, however, depends quadratically on 
ax ■ If we choose one of the two values of ax that set the cubic i?-symmetry to zero all anomalies 
therefore match. 

Using generalised dressed quarks we can construct electric baryons 



-1 fe 

a=Q 6=0 



Yl Yl [{<j>''^X)''{r^Y)''QY°' (3.22) 
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and magnetic baryons 



fcx-1 fey-l 

n n [{^''^rir^yfq 



a=0 h=0 



(3.23) 



with X]q=o ^ Sb=o ^ ^"fc ~ ^ ■ baryon map B{r„b} ^{rab} then consistent with all global 
symmetries for any choice of ax- The only aspect of the theory that now needs testing is the 
meson sector. We have not established how (or even if) the chiral ring truncates when the XY 
term is replaced by some other interaction, which makes it difficult to see whether the mesonic 
degrees of freedom match up on either side of the proposed duality. However, the fact that all 
other tests of duality, including the highly non-trivial 't Hooft anomaly matching and the baryon 
matching (itself, even less trivial than it was in the presence of the XY term) are still passed 
suggests that the mesons will match up. It may be that we have to resort to investigating the 
quantum chiral ring, rather than the classical chiral ring we have considered thus far, to see this. 



3.2 Three adjoints 



The electric theory of this model is similar to the electric theory of the two adjoint model in f3.1 
but with an extra SU(A^) adjoint Z and an extended superpotential 



W^i = 0''-^ Tr 



X 



1 



Tr 



fcy + 1 



Tr 



Zkz + l 

kz + l 



Tr [XY] + Tr [YZ] . (3.24) 



For arbitrary values of py, the electric theory has no non-anomalous i?-symmetry. One must 
choose 

px (l - kykz) - pz (l - kxky) , . 

py = (3.25 

kz - kx 

in order for the theory to posses one. This is markedly different from the two adjoint case in which 
all p's were independent. With py fixed as above, the non- anomalous, global symmetry group is 
once again 

SV{Fq)l X SV{Fq)r X U(1)b X V{1)r. (3.26) 
The F-terms for the adjoints give 

0Pxjj^fex_^y = 

(/)Pyy''y + X + Z = 

(t)P^Z''^+Y = 0. (3.27) 

One can use the first equation to set Y — —(p^^X''^, then the second equation to set Z = 
—X — (—1)'°^ (j)PxkY+PY x^^^Y ^ Upon substitution, the third equation reduces down to 



-X-(-l) 



kz 



^Pxxt" 



(3.28) 



XkxkYkz ^ Q ^j^fex^yfez — fcxfei' + l^ 29) 

As long as 7^ this implies that the chiral ring is truncated at X^^''^'^^ or, equivalently, 
^kxkYkz ^ It is not generally possible to use Y as the 'active' adjoint as one is unable to express 
both X and Z purely in terms of Y . 

Using X as the active adjoint (the following argument would be equivalent if we used Z instead) 
we now follow the procedure of §3.1| Defining 

k* = kxkykz (3.30) 

we ought to be able to use the dual gauge group SU(n) with 

n^k*FQ-N. (3.31) 
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The mesons are 



but with a new vakie of i 



= Q {(t)°'Xy Q, j = 0, . . . , fc* - 1 



pz jk* - kx) - px {k* - kz) 
{1 - k*) {kz - kx) 



(3.32) 
(3.33) 



The magnetic superpotential is 



X 



1 



bP"" Tr 



y 



1 



■,kz + l 



1 



- Tr [xy] + Tr [yz] + ^ A/,q (</."a:)' - q 



(3.34) 

as expected. We summarise the matter content for the electric and magnetic theories in Tables 



3.4 and 3.5 respectively. All U(l) charge assignments can be seen to be consistent with both the 



meson structure and the magnetic superpotential as required. 



SU(7V) SV{Fq)l 



N 



Q 



Q 



N 



X 
Y 



adj 
adj 



Z 



adj 



SV{FQ)n 



U(l)i 



u(i; 



R 



J_ 

N 



1 - 



2N{pz~Px) 
FQ[pzil+kx)-px{l+kz)] 



N 



2N(pz-px) 
FQ[pz{l+kx)-px{l + kz)] 



2(pz-px) 
pz(l+fcx)-px(l+fcz) 

2(pzfcx-pxfcy) 
pz(l+kx)-px(l+kz) 



2{pz-Px) 
pz{l+kx)-pxil+kz) 



2{kz-kY) 
Pz(l + kx)~Px(l+kz) 



Table 3.4: The matter content of the electric theory in the three adjoint model. 



X 

V 



SU(n) 



n 



adj 



adj 



adj 
1 



SU(FQ)i 



'Q 



SU(FQ)fl 



'Q 



'Q 



U(l) 







U(l) 



R 



1 - 



2n(pz-px) 

FQ[pz{l + kx)-px{l+kz)\ 



2ra(pz-px) 

FQ[pz{l + kx)-px{l+kz)\ 



2(pz-px) 
Pz('i-+kx)-Px(l+kz) 



2{pzkx-pxkv) 
pz(l+kx)-px(l+kz) 



2(pz-px) 
pz{l+kx)-px(l+kz) 

2(fcz-fcy) 

pz(l+kx)-px(l + kz) 



2Rq + j {Rx + aR^,) 



Table 3.5: The matter content of the magnetic theory in the three adjoint model, n = k* Fq — N. 
The 't Hooft anomaly matching reveals another significant difference between the two adjoint 
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and three adjoint models. The non-zero mixed anomahes are 



U(l)s X SV{Fq)1 
U(1)b X SV{Fq)1 
\Jil)R X SU(FQ)i 
U(1)k X SV{Fq)1 
U(1)kxU(1)^ 

U(l)fl, 



1 

-1 

-2N^ {pz - px) /Fq [pz (1 + kx) -px{l + kz)] 
-2N^ {pz - Px) /Fq [pz (1 + kx) - (1 + kz)] 
-4 {pz - px) I [pz (1 + kx) -px{l + kz)] 
{px -2)kz- {pz -2)kx + {px - pz) (3 + 2N^) 



[pz {I + kx) - PX {I + kz)] ■ ^^-^^^ 

They are still the same in both the electric and magnetic theories. The cubic flavour anomalies 



SU(FQ)i 
SU(Fq)|j 



N 



(3.36) 



in both theories; the U(1)'q anomaly is zero. However, the cubic _R-symmetry anomalies do not 
immediately match as per the single adjoint model. Their full forms are formidable, but one can 
write the difference as 



fax {p, k) [pz - Px] [pz (1 - kx) - px (1 - kz)] [pz {kx - k*) - px {kz - k*)] 



where 



fax {p, k) 



Ak*FQ{\~2k*){k*FQ-2N) 
{l-k*)[pz{l + kx)- px{l + kz)f 



(3.37) 



(3.38) 



When Eq.(3.37 1 is equal to zero all cubic anomalies match. Solving for pz yields three possibilities; 

kz ' '* ' 



Pz = Px, 



which, using Eq.(3.25l, result in 
Py = -pxky, 



PZ 



PY 



iX 



1 



px 



px 



pz 



Py 



k 



X 



-px 



kvk* 



k 



x 



-px 



(3.39) 



(3.40) 



respectively. Any choice of the p's satisfying both Eq. (3.391, Eq. (3.401 and giving well defined 



i?-charges is then allowed. Note that demanding a well defined i?-charge for the singlet once again 
eliminates the solution px — Py ^ Pz = 0- 

Of particular interest is the second of these solutions. Choosing px ~ kx — 1 results in 



Px = kx - 1, Py = ky - 1, Pz = kz - I 



(3.41) 



where we have used Eq.(3.25l to calculate py- Furthermore, one finds 

Rq = Rq = 1-N/Fq 
Rx = Ry = Rz = 1 
i?0 ~ —1 



(3.42) 



and the simple solution a = —I. This solution will be useful when we move on to consider theories 
with more adjoints. 

As final check, we can consider the baryon matching. This is simple and proceeds exactly as 



in [3.1.1 It remains independent of the values of the p's and the fc's. 

The point = is again worth noting. The three solutions of Eq.(3.39l allow for four possibil- 



ities. Px and Pz must always have the same sign but Eq.(3.40) tells is that py can have either. If 



Px,Py,Pz > or px,Py,Pz < the F-term equations Eq.(3.27l do not truncate the chiral ring 
for (j) = 0. The same is true for px,Pz > 0, py < 0. However, if px, pz < 0, Py > Q the second 



of Eq.( |3.27[ ) gives Z = -X at cp = 0. The first and third of Eq.( |3.27| then only have finite field 
value solutions at = if X'^^ — X^^ = and y = 0. The chiral ring is thus truncated at the 
lowest of kx and kz- The electric theory is effectively reduced down to the deformed KSS model. 
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3.3 Fx adjoints 



After |3.1| and p.2| we expect the same principle will be extendable to an electric theory containing 
Fx adjoints Xi with i = 1, . . . , Fx- Rather than go through the whole process with undetermined 
Pi's, as we did in the previous sections, we will explicitly demonstrate the duality for a set of 
carefully chosen pi's in which the algebra is greatly simplified. 
We choose 



Fx 



X. 



ki + 1 



h + 1 



Fx-1 

E 

i=l 



Tr [X,X,+i] 



which gives the global symmetry group 

SU(FQ)i X S\J{Fq)r X U(1)b X U(l)fl. 

and i^-terms 

X2 = 



(3.43) 



(3.44) 



-1 + ^i+l 

+ Xp I 



0, 
0. 



^^l,Fx 



(3.45) 



One can use the first of these equations to write X2 in terms of Xi. The second equation with 
i = 2 then allows X3 to be expressed in terms of Xi. One continues, using the second equation 
for increasing values of i, until all of the Xi have been expressed in terms of Xi alone. The third 
equation then reduces down to 



(3.46) 



where 

Fx 

k* ^Wh. (3.47) 

i=l 

The chiral ring is thus truncated at X^ . 

Using Xi as the active adjoint we now follow the usual procedure and use the dual gauge group 
SU(n) with 

n = k*Fr. 



The mesons are 



Mj = Q I 



h-^xV 



N. 



and the magnetic superpotential is 

ki + l 



mag 



Fx 

1=1 



Tr 



1 



Fx-l fe*-l 

Tr [xjXi+i] + ^ Mjq 1 

i=l j=0 



(3.48) 
(3.49) 

(3.50) 



We summarise the matter content for the electric and magnetic theories in Tables |3.6| and |3.7| 
respectively. All U(l) charge assignments can be seen to be consistent with both the meson 
structure and the magnetic superpotential as required. 

The 't Hooft anomaly matching is straightforward, thanks to the simple i?-charges of the 
adjoints. Indeed, the adjoints do not contribute to any of the anomalies we need to calculate as 
their fermionic components are not charged under any of the global symmetries. We find non-zero 
mixed anomalies 



U(1)b X SU(i^Q)i 
U(1)b X SV{Fq)% 
V{l)n X SV{Fq)1 
U(l)fl X SU(Fq)?j 
U(l)fl, X U(1)| 
U(l)fl 



1 

-1 

-N^Fq 
-N^/Fq 
-2 

-3-7V2. 



(3.51) 
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SU(iV) 


SU(FQ)i 


SU(FQ)fl 


U(1)b 


U(l)fl 


Q 


N 


Fq 


1 


1 

N 


1 - ^ 


Q 


N 


1 




1 

N 


1 - ^ 




adj 


1 


1 





1 




1 


1 


1 





-1 



Table 3.6: The matter content of the electric theory in the Fx adjoint model. 





SU(n) 




SU(FQ)fl, 


U(1)b 


U(l)7?, 


q 


n 


Fq 


1 


I 

71 


1 — 

Fq 


q 


n 


1 


Fq 


I 

n 


^ Fq 




adj 


1 


1 





1 




1 


1 


1 





-1 




1 


Fq 


F^ 








Table 3.7: The matter content of the magnetic theory in the Fx adjoint model, n — k* Fq — N. 



and non-zero cubic anomalies 



SU(FQ)i 
SV{Fq)% 

ml. 



N 
-N 

-9 + -2N'^/F^. (3.52) 



All anomalies are the same in both theories. Furthermore, the baryon matching goes exactly as 
in pTT| 

We used particular values for the p's throughout this section but we expect the duality will still 
exist if we change these values. In general one is be able to choose values for two of the p's freely and 
still obtain a non-anomalous i?-symmetry consistent with the superpotential. 't Hooft anomaly 
matching can impose extra constraints on the two free p's. From considerations of theories with 
more than three adjoints, it appears that, for even Fx, there are no extra constraints. However, 
for odd Fx only one of these two p's remains free. The second 'free' p is expressed in terms of the 
first, there being three possible solutions. 

This is the one of two significant differences between theories with odd and even Fx- The 
second being the truncation of the chiral ring for (j) — 0. When = the chiral ring truncates 
trivially if Fx is even but does not truncate at all (with these particular values of the p's) if Fx 



is odd. To see this one must notice that the second equation of Eq.(3.45) for (/) = connects 
oddly/evenly labelled Xi's to oddly/evenly labelled X^'s. The first equation always gives ^2 = 
at (p — 0. One can then use the second equation to set Xi = for all evenly labelled Xi. The 
third equation always gives Xp^-i = at = 0. If Fx is even, Fx — 1 is odd and one can use 
the second equation to set Xi = for all oddly labelled Xi as well. However, if Fx is odd we have 
no way of truncating the oddly labelled Xi . We expect that other choices of the p's will allow a 
truncation to the deformed KSS model as in the 3-adjoint example discussed earlier. 



4 RG flow 

It is interesting to investigate the renormalisation group (RG) flow of some of the models we have 
discussed. We will use the a-maximisation theorem developed in Refs. [HI [HI [T6j [17] to do this. 
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This theorem was used in the context of the KSS models in Refs. [201 EI]. In ^ nutshell, it tells 
us that the exact superconformal i?-symmetry maximises the central charge 



3Tr [i?^] -Tr[i?] (4.1) 



where the trace is taken over all of the fermions in the theory. The i?-symmetry used in Eq.(4.1 1 
is the most general, non-anomalous i?-symmetry in the theory which commutes with charge con- 
jugation. Furthermore, the value of a should decrease as the theory flows into the infrared. 
Using this theorem, our general approach will be thus: 

1. Start at = 0. 

2. Use the a-maximisation theorem to find the exact superconformal i?-symmetry. 

3. Write down all relevant deformations to the superpotential AW consistent with the global 
symmetries. These are the gauge invariant operators with dimension < 3, i.e. i?-charge < 2. 

4. Determine which of these deformations independently lead to consistent, non-trivial fixed 
points. Consistency can only be achieved if > 2/3 at the proposed fixed point, with the 
inequality saturated if and only if is a free field and therefore absent from the superpoten- 
tial. 

5. Repeat steps [3] and |4] about all consistent fixed points. 

For step |4] we are using the fact that, if R^ < 2/3 at a fixed point, the singlet violates the unitarity 
bound; it is a gauge invariant spin-0 operator with dimension < 1. According to Ref. |5] the solution 
to this problem is that 4> is actually a free field charged under some accidental U(l) symmetry. 
This accidental U(l) charge mixes with the existing singlet _R-charge to set R^ = 2/3. However, if 
the deformation we found in step [3] contained any powers of we arrive at a contradiction. A free 
field cannot appear in the superpotential, and we conclude that such a fixed point cannot exist. 

4.1 Deformed KSS 

Consider the deformed KSS model of S|2j In the absence of the superpotential, the general, non- 
anomalous i?-symmetry is 

N 

Rq = R.=l- NRx where N = — , (4.2) 

and Rx and i?^ are arbitrary. Approximating the SU(Af) gauge group by a U(A^) gauge group 
and maximising a, one finds 

9 + 3\/20iV2-l 3 

provided N"^ > 1/2. When looking at the relevance of operators we will only be interested in 
the large N limit. This is because any operator that is only relevant for sufficiently large N will 
actually be dangerously irrelevant for smaller N: quark mass terms allow one to integrate out 
quarks, reduce Fq and therefore increase N until it is large enough for the operator in question 
to become relevant. Note that working in the large N limit also legitimizes the approximation of 
using a U(A^) gauge group, which greatly simplifies the algebra. 



As iV oo in Eq.(4.3l, Rx and one finds several relevant deformations 



AWo^XoX''"+\ AWi = Xi(j)X'''+^ and AM^2 A20^X'=^+\ (4.4) 

There are other deformations not involving the adjoints, but these are of less interest so we will not 
discuss them. We focus first on W — AW2, which fixes R^ — I — {k2 + 1) i?x/2. a-maximisation 
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results in i?-charges of Rx — and i?^ = 1 for large N. R^p > 2/3 so the fixed point is consistent 
and should exist. Furthermore, one finds AWq and AWi are still relevant operators. We thus try 
W = AW2 + AWi. 

With two terms in the superpotential the i?-symmetry is completely fixed, with 



R 



X 



2ki - fc2 + 1 



and i?^ 



2(fci + 1) 

2ki-k2 + l' 



(4.5) 



There are gauge singlets appearing in both terms so, going back to ||2] this is the po ^ 0, pi ^ 
case. If one wants a duality. Table 2.4 tells us that we require either 



'ko-1 



or 



2 = 



fci - 1 



ko 



1 



(4.6) 



depending on whether k2 > ki (and po — 2, p/ 1) or fc2 < fci (and p^ — \, pi — 2). Neither 
of these choices result in R^ > 2/3 for non-zero values of both k2 and fci. We conclude that a 
non-trivial fixed point for W — AW2 + AWi cannot exist in this class of electric/magnetic duals. 
Instead, we try W — AW2 + AWq. Here one finds the fixed i?-charges 



R 



X 



fco + 1 



and Ra, = 



fco + 1 



(4.7) 



This superpotential falls into the po = 0, p; 7^ category for which a duality is always possible as 
long as fcp > /c2. One can easily show that, for /cq > 3fc2 -I- 2, i?^ > 2/3. A non-trivial fixed point 
for W = AW2 + AWq is therefore a consistent proposition. 



We have continued this analysis for all combinations of the deformations Eq.(4.4l maintaining 
the duality. The results are summarised in Table 4.1 and the corresponding RG fiow with the 
maximum number of fixed points is sketched in Figure 4.1 The fiow along the dashed line in 
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+AW2 
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+AWo 
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Fixed Pt 
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Fixed Pt 
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Fixed Pt 





yes 


yes 


yes 


yes 


yes 


yes 


AW2 






yes 


no 


yes 


fco > 3fc2 + 2 


AW, 


no 


no 






yes 


fco ^ ^fci 4^ ^ 


AWq 


k2 < |fco + 1 


k2 < ^fco - 1 


fci < |fc-o + 1 


fci < |fco - 1 







Table 4.1: The fixed point analysis for the deformed KSS model of ^ with the deformations Eq. ( 4.4 1 
allowed by the duality. 



Figure 4.1 (connecting the A2-A0 and Ai-Aq fixed points) depends on the values of fc2 and fci. The 
superpotential along this line is = AW2 + AWi + AWq, which only admits an i?-symmetry 
if fc2 — (fci + fco) /2. In this case the fiow along the dashed line preserves a, suggesting a line of 
conformal fixed points. If this is true we can use the reasoning of Ref. to argue that the duality 
is exact along the dashed line, rather than just an infrared duality. When fc2 =/= (fci + fco) /2 there 
is no i?-symmetry along the dashed line. The difference in a between the A2-A0 and Ai-Aq fixed 
points is then 

Aa a(A2-Ao) - a(Ai-Ao) (4.8) 
2fci - (fc2 + fco) 

(1 + fco)' 

For Aa > the flow is from A2-A0 to Ai-Aq. If Aa < the flow is from Ai-Aq to A2-AQ 



3 (8 - llfco + 2fcg + 18fci - 12fcofci + I2kl + 9fc2 - 3fcQfc2 + 6fcifc2 -t- 3fc^ 



21 




Figure 4.1: The RG flow for the deformed KSS model of^^with the deformations i?g.(4.4l allowed 
by the duality, fco > 3fc2 + 2 and ko > ^ki + ^ to ensure the A2-A0 and Ai-Aq fixed points exist. 
The flow along the dashed line connecting the two fixed points depends on the values 0/^2 and ki. 



4.2 More adjoints 

In models with two adjoints it was shown in Ref. |23j that all operators of order less than four in the 
adjoints are relevant around the W = fixed point. The addition of gauge singlets does not change 



this result. The only such operator appearing in the models of ^3.1 is the mass term XY. If one 
considers deforming the superpotential to = XXY the i?-symmetry must satisfy Ry = 2 — Rx 
so the corresponding fermions have equal and opposite i?-charges. The contribution of the adjoints 
to a is therefore completely cancelled, leaving the value of Rx undetermined. Despite this freedom 
the RG flow of the two adjoint model is not very interesting. Indeed, a quick glance at Table |3.1| 
shows that R^ is always negative for non-trivial choices of superpotential. We thus conclude that 
the interesting terms in the two adjoint model are usually irrelevant and certainly don't generate 
non-trivial fixed points. 

This is generally the case for models with an even number of adjoints. After the mass terms 
have been added, there will be one adjoint Xj for each adjoint Xi such that Rx^ — 2 — Rx^ . 
Consequently, none of the Rxi will appear in a and we will end up with the situation where all 
interesting deformations to the superpotential are irrelevant. For models with an odd number of 
adjoints this is not the case. After adding the mass terms the i?-charge cancellations will proceed 
as before but there will always be one adjoint whose i?-charge cannot be paired up in this way. 
We will thus be left with a single, undetermined Rx^ appearing in a. The RG flow then proceeds 
similarly to the model with a single adjoint, i.e. the deformed KSS model. It should therefore 
come as no surprise that, when </> = 0, the models with an even number of adjoints flow to SQCD, 
while the models with an odd number of adjoints appear to flow to the deformed KSS model. 

Note that we are generally interested in the regions of moduli space where </> ^ and the 
i?-symmetry is spontaneously broken. All of the constraints we have derived in this section use 
i?-symmetry arguments so do not apply at these points, leaving much more freedom to deform 
the superpotential. 
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5 Models with antisymmetries 



Building on the success with adjoints in ^ we now turn to models containing antisymmetric 
representations of the gauge group. We will base these on the models of Ref. |T3] . These models 
are similar in spirit to KS duality but have a more complicated meson and baryon structure. Once 
again, all electric theories are based on SQCD with gauge group SU(Af). The magnetic gauge 
group will be SU(n) for some n to be determined. 

5.1 Two antisymmetries 

We will start with two antisymmetries A and B along with their conjugates A and B. The electric 
superpotential is 



{AA) 



kA+l 



kA + l 



1 



Tr 



AB 



Tr 



AB 



(5.1) 



for some pA, Pb and a. The inclusion oi a ^ Q turns out to be necessary for baryon matching; we 

(5.2) 



will discuss it in more detail in S 5.1.1 For now, we merely note that 

PA (1 + ke) + PS (1 + kA) 



2kAkB 

The non- anomalous, global symmetry group for arbitrary pA, Pb and a is 

S\JiFQ)L X SViFQ)R X U(1)b X U(1)a x V{1)r 

where U(l)/j is a unique i?-symmetry. 

The i^-terms for the antisymmetries give 



(5.3) 



(t)P^A{AA)''^ +(t)''I3 
(j}p^{AAf^A + (t)''B 
(j)p^B{BB)'''' +(j)''A 
(j)P^{BB)''^B + (j)''A 



(5.4) 



One uses the first two equations to write B and B in terms of A and A then, upon substitution 
into the last two equations, one finds 



(5.5) 



If (/) ^ the chiral ring truncates at i(Ai)2fc^feB+fc,i+/cB ^^^^ (^J[)2fc^fcB+/cA+fcB^ qj.^ equivalently 
with B and B. We will discuss the cf) — case later. 

Once again, Eq.(5.5) looks similar to the truncation equations of the base models Ref. 14J for 



^ 0. We therefore assume the duality proceeds in the same way, but using the effective value of 



fc* = i [{2kA + 1) {2kB + !)-!] 
This implies the meson structure 

Mj = Qi^^'^AAYQ, j^O,...,k* 



(5.6) 



P. 



"v4(0^"v4A)-']Q, j = 0,...,r 



P, = Q[{^^"AAyrA]Q, j = 0,...,r-l 



(5.7) 



where we have learnt from our experiences with adjoints and included a 0" with each antisymmetric 
from the start. The dual gauge group is SU(n) with 



n = (2k* + 1)Fq- 4fc* 



N. 



(5.8) 
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With a magnetic supcrpotcntial 



kA + l 

k'-l 

k* 
3=0 



Tr 



fc*-l 



" Tr 



ab 



Tr [56] 



(5.9) 



one finds the matter has the symmetry properties laid out in Table 5.1 for the electric theory and 
Table |5.2| for the magnetic theory. The value of a is determined by demanding that the meson 
terms in the magnetic superpotential have i?-charge +2. This yields 



PA{l + k*) + pB{l + 2kA) 
2kAk* 



(5.10) 





SU(iV) 


SU(Fq)l 




U(1)b 


U(1)a 


U(l)fl 


Q 


N 


Fq 


1 


1 

N 





1 N+2k* 
^ FQ(l+k-') 


Q 


N 


1 




1 

N 





1 N+2k* 

FQ{l + k') 


A 


asym 


1 


1 


2 

]V 


1 


PA{l+2kB+kBk*)+pB{l+k'-) 

{l + k')[pA(l + kB)+PB(l + kA)\ 


A 




1 


1 


2 

N 


-1 


PA{l+2kB+kBk*)+pB{l + k') 


asym 


{l + k')[pA(l + kB)+PB(l + kA)] 


B 


asym 


1 


1 


2 

]V 


1 


PB(l + 2kA+kAk') + pA(l + k') 
{l + k-)[pA{l + kB)+PB{l + kA)] 


B 




1 


1 


2 

N 


-1 


PB(l+2kA+kAk')+pA(l+k') 


asym 


{l + k-)[pA(l + kB)+PB(l + kA)] 





1 


1 


1 








2kAkBk* 

(l + fc*)[pA(l + feB)+PB(l + feA)] 



Table 5.1: The matter content of the electric theory in the two antisymmetric model. 



Moving on to 't Hooft anomaly matching the picture is similar to ^|3] The non-zero mixed 
anomalies are 



U(1)b X SU(FQ)i 
U(1)b X SV{Fq)1 
V{1)r X SU(FQ)i 
U(l)fl X SV{Fq)1 
U(l)flxU(l)| 
U(l)^xU(l)^ 



U(l) 



-NiN + 2k*)/FQ{l + k*) 
^N{N + 2k*) /Fgil + k*) 
-2(l + 2fc^)(l + 2fcs)/(l + /c*) 
~~k*N{N-l)/{l + k*) 
„ 3k*N + N^ 2kAkBk* 



R 



(5.11) 



1 + fc* {l + k*)[pA{l + kB)+PB{l + kA)] 

They are the same in both the electric and magnetic theories. The cubic flavour anomalies axe 



SU(FQ)i 
SU(Fq)3j 



N 



-N 



(5.12) 



in both theories; the U(l)^ and U(l)^ anomalies are zero. As in the three adjoint model, the 
cubic i?-symmetry anomalies are both very complicated expressions which do not immediately 
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SU(n) 



n 



asym 



SU(FQ)i 



'Q 



SU(FQ)fl 



'Q 



U(l) 



U(1)a 

(FQ-2)fc' 
n 



U(l)fl 



1 - 
1 



n+2fc* 

n+2fc'' 
FQil+k") 



PA(l+2kB+kBk'}+pB{l+k*) 

il + k')[pAil + kB)+PB{l + kA)] 



asym 



N-Fq 



PAil+2kB+kBk')+pB(l+k*) 

{l + k')[pAil + kB)+PB{l + kA)] 



asym 



asym 



N-Fq 
n 

N-Fq 



PB{l+2kA+kAk*)+pA{l+k*) 

il + k')[pA(l + kB)+PBil + kA)] 

PB{l+2kA+kAk')+pA{l+k') 

(l + k')[pAil + kB)+PBil + kA)] 







2kAkBk* 

" (l + k')[pA(l + kB)+PB(l + kA)] 



Mi 



'Q 



FQ(2+2j+2k')-2N-4:k' 
FQ(l+k-) 



asym 



FQ(3+2j+2fc*)-2jV-4fc* 
FQil+k') 



asym 



FQ(3+2j+2fc*)~2jV-4fc* 



Tabic 5.2: T/ie matter content of the magnetic theory in the two antisymmetric model, n 
{2k* + 1)Fq- 4k* - N. 



match. One can write the difference as 

f2A (p, k) [pB (f + 2kA) + PA (1 + k*)] [pB (f + k*) + pa{1 + ^ks)] 

where 

, ^ ^ ikAkBk* [Fq (f + 2k*) - I - Ak*] [Fq (f + 2k*) -2N- ik*] 

il + k*)'[pAil + kB) + PBil + kA)f 



(5.f3) 



(5.14) 



When Eq.(5.f3 1 is equal to zero all cubic anomalies match. Solving for pB yields two possibilities; 



f 



Pb 



7 PA or Pb 



-PA- 



(5.f5) 



fcA(l + fc*) l + 2kA 

Note that = Ps = is not allowed as the _R-charge of the singlet is not well defined. Substituting 



into Eq.(5.2) one finds 



k* 



2kA{l + k*) 



PA or 



2kB{l + 2kA) 



PA 



(5.16) 



respectively. 

For = there are two truncation possibilities. Choosing pA > one finds strictly negative 



equations Eq.(5.4l to 



values of pB from Eq.(5.15 1. With this in mind, the a > solution of Eq.(5.16 1 reduces the F-term 



B{BB)'''' = {BB)^^B = (5.17) 
at = and the chiral ring does not truncate for A and A. On the other hand, the chiral ring 



truncates trivially for the cr < solution of Eq.(5.16l. The first two equations force B = B = 



which, in conjunction with the last two equations, forces A = A = 0. If < one finds ps > 
and the situation is identical, but with ^'s and _B's exchanged. 

5.1.1 Baryon matching 



The baryon matching scheme of Ref.[14 , in conjunction with our meson structure Eq.(5.7l and 



Eq.(5.10l, suggest electric baryons of the form 

Br = (0"^)''Q^-2r 



(5.18) 
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and magnetic baryons 

b, = (0"a)(f^Q-2)fc*-'-^f^Q-™ (5.19) 

with the baryon map Br <-> br- This map is totally consistent with all global symmetries. The 
powers of the singlets are precisely those needed to match the i?-charges of the baryons. However, 



this is only the case for the value of a set down in Eq.(5.2 1 



If we had left a as an undetermined parameter we would have found 

^ PA (4 - + 4fcB) + (4 - + 4fc^) - 2pBkAFQ - 2akB {Fq + 2fc^FQ ~ 4Ka) , . 
" 2i^QA:* ^ ■ ' 

when we constrained the meson terms in the magnetic superpotential to have _R-charge +2. Using 
this value of a in the baryon map, the i?-charges do not generally match up. Even worse, the 
difference is dependent on the value of r used in the baryons. Hence we are not free to choose a 
arbitrarily. If we wish to construct a baryon map which satisfies i?-charge matching independently 



of r we are forced to choose a as in Eq.(5.2 1 



5.2 Three antisymmetries 



We now add an extra antisymmetric C and its conjugate C to the electric theory of ^ 5.1 leading 
to a superpotential 



{AA) 



kA + l 



kA + l 



AB 



Tr 



AB 



Tr 



{BB) 



ks + 1 



+ (jjP'' Tr 






kc + l 



+ 



BC 



Tr 



BC 



We define 



1 



r - - [{2kA + 1) {2kB + 1) {2kc + 1) - 1] 



(5.21) 
(5.22) 



at this point to simplify the following expressions. Note that, in line with our previous experiences, 
this is the value of k* we expect. For arbitrary values of pg, the electric theory has no non- 
anomalous i?-symmetry. One must choose 



PC {kA + ks + 2kAkB) - PA{kB + kc + 2kBkc) x 

Pb = ; -, h 2 (1 + fcs) cr 

kc - ka 

in order for the theory to possess one. Furthermore, one requires 

_ PC {k* - fc^) - Pa (fc* - kc) 
2il + k*){kc -kA) 



(5.23) 



(5.24) 



for the baryon map to work out, as discussed in §5.1.1| With pB and a fixed, the non-anomalous, 
global symmetry group is 



SV{Fq)l X SV{FQ)n x U(1)b x V{1)a x U(1), 



(5.25) 



as it was for the two antisymmetric model. 
The i^-terms for the antisymmetries give 



(jjp-'AiAA) 


kA 


(ji^B = 


= 


(j)p^{AA)''^A + 


(ti^B = 


= 


P''B{BBf'' +4 




^C) = 


= 


PB{^BBf^B + i 


"{A- 


HC) . 


= 


<I)P''C{CC) 


kc _,_ 


(jy^B = 


= 


(j)P'^ (CC)''^ 


C + 


(ji'^B = 


= 



(5.26) 
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One can use the first two equations to write B and B in terms of A and A, then the middle two 
equations to write C and C in terms of A and A. Finally, the last two equations can be employed 
to find 



A{aA)''' 

{AA)'''A 



O (^A{AA)''' 
O ({AA)'''~ 



— 2kAkB —kA — ks 
2kAkB—kA—kBj^ 



(5.27) 



As long as 7^ the chiral ring is truncated at A{AA)'' and {AA)^ A. Equivalently, we could 
truncate in exactly the same way using C and C . The <f> — Q case is discussed later. 

Assuming (j) ^ Q and using A as the active antisymmetric (the argument would be equivalent 
if we used C instead) we proceed as usual. The dual gauge group is SU(7i) with 



n = {2k* + 1)Fq- Ak* 



N. 



(5.28) 



k* is defined is Eq.(5.22l. The mesons are 

Mj = Qi^^^AAyq, j = o,...,r 



p. 



with 



Q[{<j,'"AAyrAU J - 0, 
PC {k* ~ /ca) - PA {k* - kc) 



The magnetic superpotential is 

"(aa)'=^+i"l 



2{\ + k*){kc-kA) 



(5.29) 
(5.30) 



1 



kA + l 

(j)" {tv \ah + Tr [ab] + Tr [65] + Tr [fee 

fc*-i 

3=0 



(cc) 



kc + 1 



fc*-i 

J=0 



la ~\k*-l-j 

aa) 



a\q- 



(5.31) 



We summarise the matter content for the electric and magnetic theories in Tables 5.3 and 5.4 



respectively. All U(l) charge assignments are consistent with both the meson structure and the 
magnetic superpotential as required. 

We now consider the 't Hooft anomaly matching. The mixed anomalies are exactly the same as 
those of the two antisymmetric model Eq.(5.11 1, but with the new version of k* given by Eq.(5.22 1 
and 



U(l). 



3k*N + N^ 2{kc-kA) 

1 + pc{l + kA)~ PA{l + kcy 



(5.32) 



The cubic anomalies are also equivalent with the exception of the U(l)|j anomaly; the flavour 
anomalies are 



SU(FQ)i 
SU(Fq)| 



N 



-N 



(5.33) 



in both theories; the U(l)^ and U(l)'^ anomalies are zero. Again, the cubic i?-symmetry anomalies 
do not immediately match. One can write the difference as 



hA (p, k) [pckA - PAkc] [pc {k* - kA) - Pa {k* - kc)Y 



(5.34) 
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Table 5 



.3: The matter content of the electric theory in the three antisymmetric model. 
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'Q 
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asym 



Table 5.4: The matter content of the magnetic theory in the three antisymmetric model, n 
{2k* + 1)Fq- Ak* - N. 



where 



fsA (p, k) = - 



6 [Fq {l + 2k*)-l- 4k*] [Fq (1 + 2k*) -2N- 4k*] 
il + k*f[pcil + kA)-pAil + kc)]'' ■ 



(5.35) 



Where Eq.(5.34) is equal to zero all cubic anomalies match. Solving for pc yields two possibilities; 

kc k* — kc 



PC 



kA 



PA or PC = 



kA 



PA 



which, using Eq.(5.23l, result in 

k* - 



PB = 



kA{l + k*) 



PA or PB = 



ks + 2kBk* + k* 
k* — kA 



-PA 



(5.36) 



(5.37) 
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respectively. Any choice of the ps satisfying both Eq.(5.36l, Eq. (5.371 and giving well defined 
i?-charges is allowed. Note that demanding a well defined i?-charge for the singlet once again 
eliminates the solution pa = Pb = PC = 0- Substituting into Eq.(5.24) and Eq.(5.30l one finds 



k* 



2kAil + k*) 



PA 



or 



(7 = —a = 



(5.38) 



respectively. 

As another check, we consider the baryon matching. This goes exactly as in §5.1.1| for all 
allowed choices of pA ■ 
When 



0, we get a deformed version of the models in Ref. |14j . Explicitly, Eq.(5.36l and 



Eq.(5.37 1 show that pA and pc always have the same sign whereas pB always has the opposite sign. 



a either has the opposite sign to pA and pc or is zero. We must therefore consider the _F-term 
equations Eq.(5.26) for several possibilities. If pa,Pc > then < and a < 0. Eq. (5.261 



tells us that B = B = Oa,t(f> — but says nothing about A or C, hence the chiral ring is not 
truncated. If pa,Pc < then ps > and cr > 0. The middle two equations reduce down to 
A = —C and A = —C in this case. The remaining equations of Eq.(5.26) then only have finite 
field value solutions at = if A{AA)''^ = = and A{AA)''^ = (AA)''^ A = 0. If o- = 

this solution also sets B = B = and the chiral ring is truncated at the lowest of kA and kc', we 
are, as claimed, left with a deformed version of the models in Ref. [14 . However, if cr > U does 
not appear in the F-term equations at = and the chiral ring remains untruncated. 



5.3 F4 antisymmetries? 

The similarities between the first of the solutions for pB and a in the two and three antisymmetric 
models (see Eq.(5.15l, Eq. (5.161 and Eq.(5.37), Eq.(5.38) respectively) suggests a pattern which 
may be extended to an arbitrary number of antisymmetries. This was certainly the case in §3.3| 
for models with adjoints. Thus far, we have been unable to realise a duality for a model with Fa 
antisymmetries . 

We believe such a duality does exist. Indeed, if the electric theory for such a model were to 
have superpotential 



Wei 



Fa 

^^Tr 

i=l 



Fa-1 



Tr 



1=1 



A,A 



■1+1 



Tr 



A,A 



(5.39) 



the truncation would occur for 7^ is a similar way to the models of §5.1| and §5.2| but with 



i(^n(2A:, + l)-l^ 



(5.40) 



Unfortunately the expressions for i?-charges, a e.t.c. quickly become very unwieldy. A simple 
generalisation of Eq.(5.37) and Eq.(5.38l does not work. 



6 A note on symmetries 

With a little effort the entirety of f|5]is immediately applicable to models with symmetric represen- 
tations of the gauge group instead of antisymmetries (as was the case for the models of Ref. |14j'). 
The only differences will be as follows. 

• The dual gauge group is SU(n) with 

n= (2fc* + l)i^Q + 4fc* -TV (6.1) 

and k* defined as before. 
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• The mesons Pj and Pj are in symmetric representations of the appropriate quark flavour 
groups instead of antisymmetric representations. 

• The electric baryons go like 

Br = (^5)'^ (Q')'^"'' (6.2) 

and magnetic baryons go like 

This accounts for the fact that symmetric tensors cannot be contracted with a single e. 
Instead one needs to use two. The baryon map is still Bj. ^ hr- 

• The i?-charges of the electric and magnetic quarks are 

N -2k* , n-2k* , , 

respectively. The i?-charges of the mesons and the i?-symmetry anomalies are updated 
accordingly. 

The gauge singlet sector is completely oblivious to whether we use symmetric or antisymmetric 
representations of the gauge group in the theory. In particular, the values of a, a and the con- 
strained p's will remain unchanged. We have checked this explicitly for the two symmetric model 
and it should apply to the rest of ^ 



7 Conclusions 

We have investigated the role that singlets can play in establishing new electric/magnetic Kutasov 
type dualities (i.e. with superpotentials) . Our models are based on M — 1 SQCD with Fq 
flavours of quark and antiquark with additional fields in the adjoint, antisymmetric or symmetric 
representations of SU(iV). The singlets generate i?-symmetry violating couplings once they acquire 
VEVs, and these couplings in turn allow for a simple truncation of the chiral ring. Consequently a 
much wider class of dualities can be investigated. On the other hand 't Hooft anomaly matching 
can be performed on the full i?-symmetric theory and provides the usual acid test of the duality. 

The central observation required to make the 't Hooft anomaly matching work was how to 
identify the correct singlet content of the elementary mesons in the magnetic theory. Once this 
has been achieved, it is possible to find electric/magnetic duals with any number of adjoints or 
antisymmetric or symmetries. 
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